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> ■ Abstract 

o 

We find that the IIA Matrix models defined on the non- compact C S /Z G , C 2 /Z 2 
and C 2 / Z 4 orbifolds preserve supersymmetry where the fermions are on-mass- 
shell Majorana-Weyl fermions. In these examples supersymmetry is preserved 
both in the orbifolded space and in the non-orbifolded space at the same time. 
The Matrix model on C 3 /Z$ orbifold has the same M = 2 supersymmetry 
^h. as the case of C 3 /Z 3 orbifold which was pointed out previously. On the other 

hand the Matrix models on C 2 /Z 2 and C 2 /Z 4 orbifold have a half of the M = 2 
supersymmetry. We further find that the Matrix model on C 2 /Z 2 orbifold with 
^ . a parity-like identification preserves Af = 2 supersymmetry. 
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Introduction 



The dynamics of the extended objects, D-branes [JJ, the key ingredients to under- 
stand the nonperturbative effect of strings and their property of duality, can be de- 
scribed in terms of the dimensionally reduced Supersymmetric Yang-Mills (SYM) 
Theory [5J. In particular, the dynamics of the simplest point-like D-particles may 
play the fundamental role [3] and it is described by the matrix description of the 
lid super-membrane theory jj]. On the other hand the dynamics of D-particles 
can be viewed as the SYM theory dimensionally reduced to one temporal dimen- 
sion, that is the quantum mechanics of the SUSY Matrix model. Here, the bosonic 
fields of the SUSY Matrix model describe the noncommutative bosonic coordinates 
consisting of N D-particles. They are represented by N x N hermitian matrices. 
We call this the lid M-theory. 

The lid M-theory compactified on a simple orbifold space, S 1 /Z 2 , was shown 
to be connected with the lOd E 8 x E 8 heterotic string theory j^J. While the 
6d compactification on the Calabi-Yau manifold of the usual lOd heterotic string 
theory was given by 6 , and the compactification on the various orbifold spaces 
was studied in [7],jH],jn]- 

The type IIA Matrix models compactified on the Z 2 orbifold spaces were ex- 
plicitly investigated by [TQj , [TT], [T2], [IB], [H|, and others. On the other hand, 
the type IIB Matrix model was formulated by [12], and the type IIB USp(2k) 
Matrix model compactified on the Z 2 orbifold spaces was investigated by [To] . 

In order to understand the realistic world in terms of the string dynamics or 
the M-theory, we need to find Matrix models defined on the flat 4d space-time and 
non-flat 6d spaces. 

Explicit examples of the Matrix models defined on the 4d flat space-time and 
non-compact 6d orbifold spaces are demonstrated by [17] . |T%j . 

In the supersymmetric Matrix model defined on C 3 /Z 3 orbifold [TH], the num- 
ber of supersymmetry is reduced to M = 2 . In this paper we generalize the 
previous study on the Matrix model on C 3 /Z 3 to more general orbifold spaces. 
We first formulate the Matrix model on the generic C l /Z n orbifold, by using the 
't Hooft algebra for SU(n) monopoles. After examining carefully the structure 
of fermions satisfying the Majorana conditions, the Supersymmetric IIA Matrix 
models on the non-compact C l jZ n orbifold spaces are found to be limited in num- 
ber. Examples of these supersymmetric Matrix models are given by C 3 /Z e , C 2 /Z 2 
and C 2 /Z± orbifold. In these examples supersymmetry is preserved both in the 
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orbifolded space and in the (non-orbifolded) flat space at the same time. The 
number of supersymmetry, however, depends on the models. The Matrix model 
on C 3 /Zq orbifold has the same M = 2 supersymmetry as the case of C 3 /Zs orb- 
ifold investigated previously. On the other hand the Matrix models on C 2 jZ 2 and 
C 2 /Z 4 orbifolds have the same number as M = 1 supercharges. 

We further study the case in which the parity symmetry (the reverse of the 
space coordinates) is supplemented to the Z 2 symmetry, where the parity-like Z 2 
identification is defined. We then find that the Matrix model on C 2 /Z 2 orbifold 
with this parity-like identification differs from the usual C 2 /Z 2 orbifold, and the 
former model preserves M = 1 supersymmetry both in the orbifolded space and 
non-orbifolded space, and has Af = 2 supersymmetry parameters in the total space. 

IIA Matrix model 

We treat nN D-particles. The action of the IIA Matrix model is given by 



S = ^- 2 [dtTT\(D t X I ) 2 + kx I ,X J ] 2 - i g 2 e T D t Q-g 2 Q T t I [X I ,Q]\, (1) 



where J, J = 1, • • • ,9 label the Minkowski space-time indices. T 1 is the 10 di- 
mensional gamma matrices with T 1 = r°r 7 , g is the Yang-Mills coupling and D t 
is the covariant derivative defined by 



The bosonic fields Xj and the fermionic fields 6 are nN x nN hermitian matrices. 
The fermionic fields 6 are given by the Majorana-Weyl fermions and have sixteen 
degrees of freedom on the mass shell. These fields depend on temporal dimension. 
The diagonal parts of the bosonic fields Xj are given by the solutions of equations 
of motion and represents the classical coordinates. The other parts of the bosonic, 
fermionic and ghost fields have the fluctuating fields which represent interaction 
among the niV-body D-particles. 

The supersymmetric transformation of IIA Matrix model is described as fol- 
lows: 




D t = dt-i[X t , ]. 



(2) 



5X, 




(3) 



5X T 




(4) 
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where r /J = |[r 7 , r J ]. e is the supersymmetric transformation parameter of Af = 1 
SYM theory and £ is the translation parameter of the fermions. This model has 
N = 2 SUSY. 

IIA Matrix model on the C l /Z n Orbifold 

It is convenient to use the complex notations for the orbifolded dimensions. The 
complex coordinates Zj is defined as follows: 



Zi = X 2i + iX 2i+ \ 



(6) 



where % — 2, 3, 4 for three complex spaces C 3 , i — 3, 4 for the two complex spaces 
C 2 and % = 4 for the one complex space C 1 . We keep the flat space-time coordinates 
at least as 4 dimensions, and take the orbifold spaces for the other dimensions. 
Let us impose a Z n symmetry about the complex coordinates Zj and obtain the 
Z n -orbifold. The complex coordinates Zj have Z n symmetry under 



Z ~ 



uiZj, 



(7) 



where to = e 2m ^ n . 

To impose the Z n symmetry on the nN x nN matrices, we use the 't Hooft 
matrices; U and V: 



( 1 



U 



\ 



\ 



LO 



n-1 



V 



1 



V 



1 \ 



, (8) 



0/ 



' nNxnN x ' nNxnN 

where the block matrices is iV x N matrices. U and V satisfy UW = WlJ = U n = 
1, VV^ = VW = VV T = V T V = V n = l and the following relation: 



UV = ojVU. 



(9) 



We start with the niV-body system of the D-particles in the complex space(s) 
Zj. And we divide the complex space (s) Zj into n equal parts. Under the Z n 
symmetry, iV D-particles are distributed into a small part of the same size. There 
are n mirror images in the complex space(s) Zj. Let us use a SO(nN) group V 
and impose the Z n invariance on the bosonic and fermionic fields 



(10) 
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where 



CO 4 



e = tdvev\ 

= exp (2ni— j , 
= exp ( 27ri X) ^ I . 



(11) 
(12) 



J'=2 



(13) 



rij is an integer, a) represents the Z n symmetry for 10 dimensional Majorana-Weyl 
spinors on the mass shell. The 16 Majorana-Weyl spinors can be represented by 
using the raising and the lowering operator; and tf. are defined as follows: 



b = ^-n 



:(r !W -ir jy+1 ), ./ i i. 



(14) 
(15) 



The Gamma matrices V 1 satisfy the Clifford algebra {T^, T u } = 2rf v , where 
(r ) 2 = -1 and (P) 2 = 1. 

The 16 Majorana-Weyl spinors on the mass shell are written as 



V> a |o) 

^ a *|0) 
ip [ij]a b\b]\0) 
\ ^ a *b\b ] M ) 



(16) 



where i — 1, • • • ,4. The superscript a denotes the number of the supersymmetry; 
a = 1,2. The ground state of the spinors is defined as follows: 



|0> = 



" ) ) ) ) ) 



(17) 

where the first minus sign is fixed on the mass shell and the others can be changed 
into the plus sign using the raising operator b\. 
We impose the Majonara condition: 



BQ = 0*, 



(18) 



where B = T F T T . From this condition, we obtain 

4 



i=2 



— = integer or half— integer, 
n 



(19) 
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II A Matrix model on the special C l /Z n Orbifold 



In this section, we treat the special C l /Z n orbifolded spaces where rij does not 
depend on the subscript j. In other words, the phases Uj are equal in the orbifolded 
complex spaces; n 2 = = for the C 3 /Z n orbifold, n.3 = for the C 2 /Z n 
orbifold and n 4 for the C 1 /Z n orbifold. From eq. (j!9|) . The combination 
is given as follows: 



' rt2 »3 U4 ' 
- n ' n ' n ' 



1 1 1\ \ 1 1\ /111 



2' 2' 2/ ' V3' 3' 3/ ' V6' 6' 6 



on C 3 /Z 2>3)6 , 



(m,~Y onCVZ 2 . (20) 



Using eqs. (JTUJ), (JTTJ) and (JI2J), we can get the bosonic fields and the fermionic 
fields on the special C ' jZ n orbifolds. We decompose the nN x nN matrices into 
the sum of the tensor products (N x iV matrices) <8> (n x n matrices) and then 
we obtain 

xj = hi ®i + ai®v^ + a%® (y f ) 2 + --- + A^® (yt) m 

® U m + • • • + ® V 2 + ® V, for Z 2m+1 , (21a) 

XJ = H£ <8l + A%<&\rt -\ h ® (\/t) 2m - 3 + ® (\/ f ) 2m - 2 

(8) (Ut) 2 " 1 - 1 + (2) U 2m " 2 + (8) V 2m " 3 + • • • 
® U 2 + Aj M ® ^ for Z 4m _ 2 , (21b) 

Xj = #f ® 1 + At <g> + • ■ ■ + ® (V^) 2m ~ 2 + A^® (0) 2m_1 
® (\/ f ) 2m + A# ® V 2 ™- 1 + ® V 2m " 2 + ■ ■ ■ 
+H% ® V 2 + A^ ® V, for Z 4m , (21c) 

= B U ®U + B 2l ® C/^t + 5 3i g, c/(yt)2 + . . . + g, t/v 2 

® 17V, (22) 



0! = H 1 ®l + A 1 ®Vi+A 2 ® {V ] ) 2 + --- + A m ® (0) m 

® V m + • • • + A\ ® V 2 + A\ ® V, for Z 2m+1 , (23a) 
0! = £i ® 1 + A ® V+ + • • • + Am — ,\ ® (V^) 2 ™- 3 + # m ® (V^) 2 " 1 " 2 
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+H m+1 <g> (V^) 2 ™- 1 + Hl® V 2m ~ 2 + Al^ <g> V 2m ~ 3 + ■■■ 
+H 2 ®V 2 + A\ <g> V, for Z 4m _ 2 , (23b) 

6! = H l ® 1 + A 1 <g> V ] + ■ ■ • + H m ® (yt) 2 " 1 - 2 + i m ® (yt) 2 " 1 - 1 
+tf m +i ® (\/t) 2m + ij„ ® V 2 " 1 - 1 + H m ® F 2m - 2 + • • • 
+# 2 ® \/ 2 + ii ® V, for Z 4m , (23c) 



W = 5 1 ®f/ + 4®^ t + 5 3 ®^(^ t ) 2 + --- + 5„_ 1 ®f/^ 2 

+5 n ® UV, (24) 

where ifj and Hi are N xN hermitian matrices and A+, Bi, A\ and Bi are arbitrary 
matrices. The degrees of freedom of N x N hermitian matrix is equal to N 2 , and 
the degrees of freedom of N x N arbitrary matrix is equal to 2iV 2 . Therefore we 
can obtain the degrees of freedom of the bosonic fields and the fermionic fields for 
eq. POJ). 



Table 1: The degrees of freedom on C l /Z n (i = 2, 3, n — 2, 3, 4, 6) 



H/T 




Zi 


Qi 


e w 


C 3 / ^2m+l 
C 2 / ^2m+l 


2(2m+l)N 2 
A(2m+l)N 2 


12(2m + l)N 2 
8(2m+ l)iV 2 


4(2m + 1)N 2 
8(2m+l)N 2 


24(2m + l)iV 2 
16(2m+ l)iV 2 


C 3 / ^4m-2 
C 2 / ^4m-2 


2(3m- l)iV 2 
4(3m- l)iV 2 


12(4m - 2)N 2 
8(4m - 2)iV 2 


4(3m - l)iV 2 
8(3m - l)iV 2 


24(4m - 2)N 2 
16(4m - 2)iV 2 


C 3 / Z^ m 

c / z^ m 


2(3m+ l)iV 2 
4(3m+ l)iV 2 


12 • AmN 2 
8 • 4miV 2 


4(3m+ l)iV 2 
8(3m+ l)iV 2 


24 ■ AmN 2 
16 • 4miV 2 



As we can see in the table we find that the fermionic fields are twice of 
the degrees of freedom of the bosonic fields, where m is an integer and m > 1. 
Especially, we find that the fermionic fields ®2m in the flat spaces are twice of the 
degrees of freedom of the bosonic fields in the flat spaces and the fermionic 
fields 6^ (0t ) in the orbifolded spaces are twice of the degrees of freedom of the 
bosonic fields Zj (Zj). 

We find that the result in the table may implicitly mean the existence of 
the supersymmetry. Therefore we will actually check whether the supersymmetry 
exists or not in the next subsection. However we notice that for the degrees of 
freedom of fermions in the case of c = — 1 we find that 0^ is equal to 62^/2 from 
eq. (j4*U|) and in table|Uof the appendix. We then find that matrices 62^4/2 have the 
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same degrees of freedom as matrices 627™ • Namely we find that degrees of freedom 
of bosonic fields are not same as that of fermionic fields on the C 3 / Z 2 orbifolds using 
the representation of |, \) and on the C 1 /Z 2 orbifolds using the representation 
of (1, 1, g) shown in (|20|) . Therefore we need to check the supersymmetry on the 
C 2 /Z 2 , C 2 /Z 4 and C 3 /Z 6 orbifolds except C 3 /Z 2 and C 1 /Z 2 orbifolds of eq. 

SUSY of IIA Matrix model on the special C l /Z n Orbifold 

We confirm the existence of the supersymmetry on the C 2 /Z 2 , C 2 /Z4 and C 3 /Z$ 
orbifolds in the similar way as we checked for the C 3 /Z 3 orbifold [18J. The super- 
charge of IIA Matrix model in 10 dimensions is given by 



e'Q = Tr^(i^) a (r 0I D t X I -iT IJ [X I ,Xj])e a +(i&)j a ^ 



(25) 



and 



^ ]a *!io> \ 

M k Hib\b]bl\o) J ' 1 } 



where a = 1,2, i,j, k = 1, • ■ ■ ,4, e' = (e^e 2 ) 2 " = (e, £) T and e' are sixteen 
Majorana-Weyl fermions on the mass shell, i.e., eM a *|0) = \^ijki^ kl ^ a *\^) ■ Since 
there are no the bosonic fields in the second term on the right hand side of eq. 
(|23|) . we can not verify the supersymmetric transformation. We then omit the 
second term of eq. (|23|) : 

eQ = ^Tr [{i&) a {T 0I D t Xj - ^ /J [X /; Xj}) ej . (27) 

Taking the trace with respect tonxn matrices, we obtain the supercharge 
on the special C 2 /Z 2 , C 2 /Z4 and C 3 /Zq orbifolds. The supercharges are given in 
eqs. (JilD), (JSIJ) and (|B3j) in the appendix. From the result of the supercharges 
on C 2 /Z 2 , C 2 /Z 4 , and C 3 /Z 6 orbifolds in eqs. (jSHj), and of the ap- 
pendix, respectively, we find that supersymmetry exists. We especially point out 
that supersymmetric parameters of the standard Matrix model with respect to 
supercharges on C 2 /Z 2 and C 2 /Z4 orbifolds have half as many supersymmetric 
parameters as that of IIA Matrix model on flat spaces in 10 dimensions. 

SUSY parameters on C 2 /Z 2 and C 2 /Z 4 orbifolds are described as follows: 
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where m,n = 1,2 and i,j = 3,4. According to eqs. and (JM|), we find 

that the supersymmetric parameters are only used and the remainders are 
not. Then M = 2 supersymmetry of IIA Matrix model in flat spaces turns into 
M = 1 supersymmetry of IIA Matrix model on C 2 ' jZ 2 and C 2 jZ± orbifolds. We 
find that the bosonic fields Xj/ are transformed to fermionic fields 02?™, by SUSY 
transformation with the parameter e^ m \ while the bosonic fields Z 4 are transformed 
to the fermionic fields 0^ by the SUSY transformation with the parameter g[ m34 ] 
and Z\ are transformed to 0^2 with e^ m l 

We similarly find that the supercharge on C 3 /Zq orbifold has the same num- 
ber of supersymmetric parameters as IIA Matrix model on the flat space in 10 
dimensions. SUSY parameters are described as follows: 



( eN&J&IlO) \ 

€ [ 234 ] & 4^6i|0> 
^ \e^b\b\b)\Q) J 



(29) 



where i = 2, ■ ■ ■ ,4. The supersymmetric parameters on C 3 /Zq orbifold are equal 
to the supersymmetric parameters on C 3 /Z 3 orbifold |18j . Namely the bosonic 
fields X/i are transformed to fermionic fields ©i, by SUSY transformation with the 
parameter o l \ while the bosonic fields Z^ are transformed to the fermionic fields 
by the SUSY transformation with the parameter and Z\ are transformed 
to 0,„2 with S\ 



IIA Matrix model on a parity-like Z2 Orbifold 

Finally, we mention about another C l jZi orbifold, i.e. a paritylike C % jZi orbifold. 
Due to N. Kim and S. J. Rey, the fields of IIA Matrix model on Z 2 orbifold is 
described as follows: 

XJ = MXfM\ 
X\ = -MXfM\ 
= VMQM\ (30) 

where V is a parity transformation matrix and the bosonic and fermionic fields 
have 2N x 2N hermitian matrices The bosonic and fermionic fields have 

2N x 2iV hermitian matrices. V has the same peculiarity to the parity-like Z 2 
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orbifold because the parity transformation operator is equal to the phase of Z 2 
symmetry: 



v = (*r 6 r 7 )(*r 8 r 9 ) 

= exp^-2«g(-|)^ = co, (31) 

where the matrix M satisfy M 2 = 1 and MM T = M T M = ±1, and so M belongs 
to SO(2N) or USp(2N) group. A parity-like Z 2 orbifold can be defined not only 
in even dimensions but also defined in any dimensions. In the case of SO(2N) 
group, the matrix M is defined as 

M = (?J) ■ < 32 > 

V / 2Nx2N 

Then the matrices Xf,, X]_, 6i and 6^ are written as follows: 



Hi S \ _ ( H 2 J 



e 2 „ = [ s l 6f ), e„ = ^ J, j , (34) 

where Hi, H 2 , H\ and H 2 are N x N hermitian matrices, S and 5 are N x N 
symmetric matrices and J and J are N x N anti-symmetric matrices. While, in 
the case of U Sp(2N) group the matrix M is defined as 

M =(° i ~o) ■ ( 35 ) 

V 1 U / 2NX2N 

Then the matrices Xp X]_, Q 2ni and 6 W are written as 

x ,_( HI J» \ _ ( Hi S j \ 



= ( I irT ) ' ©« = £ ^ ) • (37) 



-J* Hi )' u V S* -H'i 

From the above fields we can obtain the degrees of freedom of the bosonic fields 
and the fermionic fields on the parity-like Z 2 orbifold. Then we find that the 
degrees of freedom of the bosonic fields is not equal to that of fermionic fields on 
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Table 2: The degrees of freedom of SO(2N) group on parity-like Z 2 orbifold 













R*IZ 2 


2N(2N + l)/2 x 4 


2N(2N - l)/2 x 4 


4iV(2iV + l)/2 x 8 


4JV(2JV- l)/2 x 8 



Table 3: The degrees of freedom of U Sp(2N) group on parity-like Z 2 orbifold 





X ll 


x\ 


02m 




R*/Z 2 


2N(2N - l)/2 x 4 


2N(2N + l)/2 x 4 


2iV(2iV- l)/2 x 8 


2iV(2iV + l)/2 x 8 



C 1 /Z 2 and C 3 /Z 2 orbifolds. On the other hand the degrees of freedom of bosonic 
and fermionic fields are same for C 2 /Z 2 orbifold. Hereafter we only treat C 2 /Z 2 
orbifold. 

We similarly check the supersymmetry of a parity-like C 2 /Z 2 orbifold and ob- 
tain eq. (jHfij) in the appendix. SUSY parameters on parity-like C 2 /Z 2 orbifold are 
described as 



eM&J&tjO) 
eM&J&}|0) 
|^6j6t6l6}|0) 



(38) 



where m,n = 1,2 and z,j = 3,4. This result on a parity-like C 2 /Z 2 orbifold is 
different from that on a normal C 2 /Z 2 orbifold. Namely this parity-like C 2 /Z 2 
orbifold has M = 2 supersymmetry. The bosonic fields are transformed to the 
fermionic fields Q 2 m and 0^, by SUSY transformation with the parameter e^and 
e- 1 ', respectively, while the bosonic fields X]_ are transformed to the fermionic 
fields Q 2m - and Q u by the SUSY transformation with the parameter and S- m \ 
respectively. 



Conclusions 

In this paper, we have obtained the supersymmetric Matrix models on some non- 
compact orbifolds, namely C 2 /Z 2 , C 2 /Z4 and C 3 /Z 6 with a cyclic identification 
and C 2 /Z 2 with a parity-like identification. We considered that the bosonic and 
fermionic fields consisting of nN D-particles had the Z n symmetry, and these 
fields were represented by nN x nN matrices. The fields in 4 dimensions are 
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remained on the non-orbifolded space-time. Imposing the Majonara condition on 
the orbifolded Matrix model, we have got eq. (pHJj) and been able to restrict to the 
special orbifolds, e.g., the C 2 /Z 2 , C 2 /Z 4 , C 3 /Z 3 and C 3 /Z 6 orbifolds. The degrees 
of freedom of the bosonic and fermionic fields are equal. 

Firstly, the number of SUSY parameters of the C 2 jZ 2 and C 2 /Z± orbifolds with 
a cyclic identification becomes the half of those of Matrix models. So the number 
of the supercharges becomes equal to that of Af = 1 SUSY in 10 dimensions. 

Secondly the number of SUSY parameters of the C 3 /Z 6 orbifold with a cyclic 
identification becomes equal to the case of Matrix models. Then the number of 
the supercharges remains the same as that of M = 2 SUSY in 10 dimensions. 

In the case of first and second cases, with respect to the C 2 /Z 2 , C 2 /Z& and 
C 3 /Zq orbifolds with a cyclic identification, the bosonic fields X^j, without imposing 
the orbifold on the space-time are transformed to the fermionic fields ®2m without 
imposing the orbifold on the space-time by the SUSY parameters. While the 
bosonic fields Zj with orbifolding spaces are transformed to the fermionic fields B w 
with imposing the orbifolding spaces by the SUSY parameters. 

Finally the number of degrees of freedom of the C 2 jZ 2 orbifold with a parity- 
like identification is equal to the case of Matrix models. So the number of the 
supercharges also remains those the same as M = 2 SUSY in 10 dimensions. Then 
SUSY of the C 2 /Z 2 orbifold with a parity-like identification has SUSY of the C 2 /Z 2 
and C 2 /Zi orbifolds with a cyclic identification and furthermore the bosonic fields 
(Zj) are transformed to the fermionic fields 6 W (Q 2n i). 

Furthermore compactifying for the C 2 /Z 2 orbifold spaces, we may find that 
M = 4 SUSY in 6 dimensions appears. 
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Appendix 

Gamma matrices 

Gamma matrices which belong to the Clifford algebra are defined as 

{r^r"} = 2rT, 

rf v = diag.{-, +,...,+), 

pr> r°r 1 y d_1 

= r^r* 4 = 1. (39) 

The gamma matrices in 10 dimensions are given as 



r° 

( 11 ) = i (0) ® ( J j ® (-4 2) ) ® (-4 3) ) ® (-4 4) ), 
(£) = i (0) «i (1) ®( J W^)«h4 4) ), 



r i J = I *%' )®(-4 1) )®(-4 2) )®(-4 3) )®(-4 4) ), 



2 

= i (0) ®i (1) ®i (2) ®^P 

£1 ) = 1 (0) ® 1 (1) ® 1 (2) ® 1 (3) ® ^ j , (40) 
where 1^ are 2x2 unit matrices and <7j (i = 1, 2, 3) are Pauli matrices; 

ai = ( °i I ) ' a2 = ( i o' ) ' a3 = ( I -°i ) • (41) 

A complex conjugate matrix 5 is defined by T M * = BT^B^ 1 and is written as 
follows: 

b = cr 3 r 5 r 7 r 9 , (42) 

where c is a phase which satisfies (BB^ = B^B = BB* = B*B =)|c| 2 = 1 with 
Majorana condition: 

r = i>, 

= B~ 1 ^*. (43) 
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Spinors 

Spinors in 10 dimensions are composed of raising and lowering operators of gamma 
matrices. The lowering operators are defined as 

b = ^(r 1 - r°) , b 3 = 1 -{t 2 > - (44) 

where j = 1, ■ • • ,4. The eigen state of spinors has all down spin states and is 
defined as follows: 

|0> = |- -,-,-,-). (45) 

Imposing the raising operator b' (// = 0, • • • , 4) on eq. (|45)l . the /i-th down spin 
state turns into the excited up spin state. From these states we can give type II 
16 Majorana-Weyl fermions in 10 dimensions, and the 0-th down spin is fixed on 
the mass shell. 

m \ 

±e^]&l&>> , (46) 
^%\b\b\b\\Q) ) 

where are Majorana-Weyl spinors, i.e., -?/M 123 4*|0) = ip\Q) and ?/>^*|0) = 

-|W M |o>. 

Spinors on the Orbifolds 

We impose the Z n symmetry for some complex spaces in 10 dimensions and then 
we represent spinors corresponding to the complex spaces. 

o#> =exp U-kiY^—^A (47) 



At=0 



where \l — 0, • ■ ■ , 4, and n are the integer and a' is the operator for Z n orbifold. 
Imposing Majorana condition, we obtain a condition: 



ew(2mJ2^)=c (48) 
i=i 



Because of c 2 = 1 (B 2 ip = Bip* = ip), we find that ^2 — in eq. ()48j) has the integer 
or half-integer. 

We substitute eq. (j4T)j) into eq. (}4Tj) and show the states of orbifolded spinors 
in table EJEl El which are obtained by imposing the symmetry of the orbifold with 
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Table 4: Spinors on Z 2 orbifolds 



/ U2 ns ri4 \ 
V 2 ' 2 ' 2 / 


@2tu 


@27ri/6 


©27ri2/6 


@27ri3/6 


©27ri4/6 


©27ri5/6 


V 2 ' 2 ' 2/ 


2 a , 2 a * 






2°',2 a *' 






/2 2 2\ 
V 2 ' 2 ' 2/ 














V 2 ' 2 ' 2/ 


4 a 






4 a * 






(I 2 2^ 

V2' 2' 2' 


4a 






4 a * 







Table 5: Spinors on Z 3 orbifolds 



1 71 2 «3 "4 ^ 

v 3 ' 3 ' 3 / 


@27ri 


@2tti/6 


@27ri2/6 


©27ri3/6 


@27r«4/6 


@2vrj5/6 


V3' 3' 3^ 
/2 2 2\ 

\3> 3' 3^ 


l a , l a * 




3 a 
3 a * 




3 a * 
3 a 




(I 2 3N 

\3> 3' 3^ 


2 a , 2 a * 




2 a ' 




2 a *' 




(3 3 3\ 
V3> 3' 3^ 


4 a ? 4 a * 













Table 6: Spinors on Z 4 orbifolds 



/ n2 ng "4 
I 4 1 45 4 / 


@27ri 


@27ri/4 


@27ri2/4 


@27ri3/4 


a 1 2a 

V 4 ' 4 ' 4/ 
/ 2 3 3 \ 
V 4 ' 45 4/ 


l a , l a * 
l a , l a * 


2 a 
2 a * 


l a ',l a *' 
l a ', l a *' 


2 a * 
2 a 


fl 3 4x 
v 4 ' 4 ' 4/ 
/2 2 4\ 
1 4 ' 4 ' 4/ 


2 a , 2 a * 
2 a , 2 a * 


2 a ' 


2 a ',2 a *' 


2 a *' 


/4 4 4\ 
1 4 ' 45 4/ 


4 a 4 a * 








(1 2 3N 
\4> 4' 4 7 
/2 2 2\ 
1 4 ' 45 4/ 


2 a 
4 a 


l a , l a * 


2 a * 
4 a * 


l a ',l a *' 


a 1 ^ 

V 4 ' 4 ' 4/ 
(3 3 4N 
V 4 ) 4 ? 4/ 


2 a 
2 a 


2 a ',2 a *' 


2 a * 
2 a * 


2 a ',2 a *' 


/2 4 4\ 
I 4 ' 4 ' 4/ 


4 a 




4 a * 





respect to spinors in 10 dimensions, and [3 in the case of n = 2,3,4, and then we 
write the rotated spinors for the phase ojj{= exp(2iiinj/n)) as 2;rmj / n on the mass 
shell. From the table EJ El and [7[ we find that spinors have the next relations: 

Q(27ri-a)i = @ai> ( C= l)> 

e^_ a)l = e a4 , (c = -i). (49) 

Then we find that Z 2m+ i orbifolded spaces in the case of c = —1 do not exist, 
which can be understood from the left part of eq. (|48|). 
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Table 7: Spinors on Z 6 orbifolds 



' ng «3 "4 ' 
6 ! 6 ! 6 - 



6s 



27T2 



e 



27TJ/6 



®27ri2/6 



e 



2?n3/6 



®27n4/6 



®27n5/6 



1 1 4> 



i a , r* 
r, r* 



2 a 

r 

2 a * 



ja*'' 
3 a * 



3 a * 

V" 
3 a 



2 a * 

r 



2 a , 2 a * 
2 a , 2 a * 
2 a , 2 a * 

1° 

2 a 
l a 
l a 
2 a 

r 

2 a 
4 a 



2 a 



3 a 
l a 

2 a * 



T 



2 a 



3 a * 

2 a 



2 a ,2° 

2 a * 

2 a * 
4 a * 

2 a * 
2 a * 



2 a 

X a< 



2 a * 

r' 

3" 

2 o' 



Supercharge 

The conjugate fields for the bosonic fields (X 1 )^ and the fermionic fields in 
10 dimensions are written as 

dL 1 

(n/) ^ = w^vr 7 {DtXi)jh 

dL 

where I = 1, • • • ,9 and «, j = 1, • • • , nN. The subscript ij denotes a component 
of a nN x niV matrix. Then, the canonical commutation relations of these fields 
are described as 

[(x%,(rr%] = i6 a s jk 6 IJ , 

{(®k,(®%} = hSuSjk. (51) 
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Therefore, the supersymmetric charge is given as follows: 

eQ = Tr (TlrfX 1 + 2n e 59) , (52) 

where G are Majorana-Weyl fermions. We find that supercharge of IIA Matrix 
model in 10 dimensions is written as eq. (|25|) . 

Supercharge on orbifolds 

Supercharge on C 2 /Z 2 orbifold is written as follows: 

eQ = --Tr U^l^B^ + H 2 B 2m \e^)6 km 
9 L 

+ i{^\H x B lm + H 2 B 2m \e^)e km 

+i{^\B\B\ J + BlBl^e^n 

+(^\H 1 ([H 10 , B lm ] + [H 20 , B 2m }) \e^)5 mn 

+ (V [121 |^! ([H 10 ,B ln ] + [H 20 ,B 2m ]) \e [n] )e mn 

+<V|#i ([H 10 , B 2m ] + [H 20 , B lm \) \eW)5 mn 

+ (^ [12l |^i ([H 10 ,B lm ] + [H 20 ,B 2m ]) \e^)e mn 

+ {^\B\ ([HwtBij] + [Fio,4]) \e^)5 mn e tJ (-l) 

+ (^\Bl {(ouHzoBl - B\ 3 H 2a ) 

+{ujH w B\. - B^H^)} \e^)8 mn e i:j (-l) 
+h.c] , (53) 

where m,n — 1,2, i,j = 3,4, and we define B\ m as i?i(2m) + ^i(2m+i)> -82m as 
H 2 ( 2m ) + iH2(2m+i) an d -Bim as d t B\ m and so on. We find that the bosonic fields are 
transformed to the fermionic fields with supersymmetric parameters e n l on C l /Z 2 
orbifold and the number of the parameters is the half of the number of the 
parameters (e^,e^) for IIA Matrix model. 
Supercharge on C 2 jZ± orbifold is written as 

eQ = --Tr U^H^ + A x B im + H 2 B 3m + A{A w \e [n] )6 mn 
9 L 

+i{^\H l B lm + A 1 B 4m + H 2 B 3m + A\B 2m \e^)e mn 

+i(^ m] \BlB u + B\B 2i + B\B U + BlB 4l \e [nU] )5 mn e lk 

+^\H X ([H 10 ,B lm ] + [A 10 ,B 4m ] + [H 20 ,B 3m ] + [A\ ,B 2m fj \e^)5 mn 

+ (?/> [12] |# 1 ([H 10 ,B ln ] + [A 10 ,B 4m ] + [H 20: B 3m ] + [A\ ,B 2m ]j \e [n] )e mn 
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+ 

+ 



+ 



+ 



+(i>\A\ ([H w , B 2m ] + [A w , B lm ] + [# 20 , B 4m ] + [A\ , fi 3m ]) \eW)6 mn 

4j ([#10, fi 2 m] + [Aio, Sim] + [#20, 5 4 m] + [4 > 5,3m]) |e W )e m „ 
([#10, -B3m] + [^10, -B2m] + [#20, -Blm] + [^10)54m]j 
(V [12] |#2 ([#10,53m] + [A W ,B 2m ] + [# 20 , Sim] + [4), #4m]) |e W )e m „ 
+ (^|il ([#10, 5 4 m] + [A 10 , 5 3 m] + [#20, B 2m \ + [A f 10 , fi lm ]) \t^)5 mn 

+ (^ [12] |ii {[H w ,B Am ] + [A 10 ,B 3m ] + [H 20 ,B 2m ] + [A{ ,B lm ] ) j \e^)e mn 
I A ([#10, B\ 3 ) + (A 10 Bl j - uB ] 2j A w ) + (#20^ - ^ 2 ^#2 ) 

+(^0^.-^.40)) |eW)^.5 mn (-l) 
I B 2 ([# 10 , fi^-] + (A 10 Bl j - uBljAw) + (# 20 <- - ^X# 20 ) 

+ {A\ Q B\ j -^B\ j A\S) |c W >Mmn(-l) 
(V> M |fi 3 ([#10, <■] + (^10<- - ^< A 10 ) + (# 20 <- " ^X#2 ) 

+(A\ Bl j -^Bl j A\ )) |cW>Vmn(-l) 
+(V> M |fi 4 ([# 10 , <■] + (^io^L- - wS^Axo) + (#2o4 - u 2 B ] 2j H 2Q ) 

+ {A\,Bl j -jB\ j A\S) |c W >Mmn(-l) 

+ /i.e.] , (54) 
where m,n — 1,2, i, j = 3,4, and we define fii m as #i( 2 m) + «#i(2m+i), -82m as 

A\( 2m ) + i^l(2m+l), -B3m as # 2 (2m) + ^#2(2m+l) and fi 4m as ^4| (2m) + ^l(2m+l)- 

Supercharge on C 3 /Z 6 orbifold is written as 

eQ = --Tr^^l^fin + il^i + #2^31 + #3^41 + #2^51 + iifi 6 i|e [1] ) 

H^b.bI + 44 + B s Bl + 44 + B B Sji + BiBllS) 

x(S ik 5ji - 5 u 5 jk ) 
+(^|#i ([#10, fin] + [A10, fi 6 i] + [#20, fisi] + [#30, £41] 
+ [#2o,fi 3 i] + [4o^2i]) 
([#10, fi 2 i] + [A 10 , fin] + [#20, fiei] + [#30, fi £ 
+ [#20,fi4i] + [4o^3i]) 
+ (V|#2 ([#10, fisi] + [A10, fi 2 i] + [#20, fin] + [#30, fiei] 
+[# 20 ,fi 5 i] + [4o^4i]) 



551J 
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+ {^\H 3 ([#io, #u] + [A 10 , B 31 ] + [H 20 , B 21 ] + [# 3 o, fin] 
+[H 20 ,B 61 ] + [A\ ,B 51 f) |e [1] ) 

+ Oj\H 2 ([H 10 , B 51 ] + [A 10 , B 41 ] + [# 20 , S 31 ] + [# 3 o, B 21 ] 
+ [H 20 ,B 11 ] + [A\ ,B 61 ]^ | e W) 

([#io, B 61 ] + [A 10 , S 5 i] + [# 20 , S 4 i] + [# 30 , #n] 
+[// 20 , J B 21 ] + [4o^n]) 
+<^ ] |5i ([#io, S+J + (A 10 i4 - wSUio) + (H 20 Bl - u 2 Bl k H 20 ) 
+(H 30 B\ k - co 3 Bl k H 30 ) + (H 20 Bl - ^ 2 B\ k H 2i) ) 

— SjkSu) 

+ (^ m \B 2 ([H m Bl] + (A 10 Bl - uB\ k A w ) + (H 20 B\ k - uj 2 B\ k H 2Q ) 
+(H x Bl - ^B\ k H ZQ ) + (H 20 Bl - J 2 B\ k H 2Q ) 
+(A\ B\ k - ^B\ k A\S) iSWflS* - 5 jk 6 u ) 

+(^\B 3 {[H 10 , Bl] + (A 10 B\ k - uB\ k A w ) + {H 20 B\ k - u 2 B\ k H 2 ,) 
+(H 30 Bl - u 3 Bl k H 30 ) + (H 20 B\ k - J 2 B\ k H 20 ) 
+(A\ Bl k - ^B\ k A\S) iSWsfa - S jk S u ) 

+ (^\B A {[H 10 , B\ k ] + (A w Bl - uB\ k A 10 ) + {H 20 B\ k - uj 2 Bl k H 20 ) 
+(H 30 B\ k - uj 3 B\ k H 30 ) + (H 20 Bl - J 2 Bl k H 10 ) 
+(A\ Bl-^Bl k A{ )) IcNXfyfo 

+(1>M\B B ([#io, B\ k ] + (A 10 Bl - uB\ k A w ) + (H 20 B\ k - u 2 B\ k H 20 ) 
+(H 30 Bl - co 3 Bt k H 30 ) + (H 20 Bl - ^ 2 B\ k H w ) 
HA\ Q B\ k -jB\ k A\S) le^Ak — SjkSu) 

+(^\B 6 {[H 10 , Bl] + (A 10 B\ k - uB\ k A w ) + {H 20 B\ k - u 2 B\ k H 20 ) 
+ (H 30 Bl - LU 3 BlH 30 ) + (H 20 B\ k - J 2 B\ k H w ) 
+(A\ Bl - ^B\ k A\ )) iSWjfa - S jk S u ) 

+h.c] , (55) 

where i,j,k,l = 1,2,3, and we define Bu as #i(2 m ) + z#i(2m+i), -B21 as A liy2rn ) + 

^l(2m+l), #31 aS #2(2m) + «#2(2m+l) , #tl aS #3(2m) +«#3(2m+l), B 51 aS #2(2m) + 

i#2(2m+i) and 5 61 as A f 1(2m) + ^| (2m+1) . 

Supercharge on a parity like C 2 /Z 2 orbifold included in USp(2N) symmetry is 
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2t{*p\H 1 B lm - l - (j£ 2 * m + J*5 2m ) \eW)5 mn 

+2i (^ [12] |^iS lm - l - (jB* 2m + J*B 2m ") \eW)e mn 

+2i {^\H 2 B l3 + l - (sB* 2j + S*B 2j ) \e^)5 t3 5 mn (-l) 

+ {^\Hi {(Hi Bi m — JoB 2m ) — (Bi m Bio — B 2m jQ)} 

+J {{~JoB lm - Hi B 2m ) - (-B 2rn H w - Bi m J*)} 

— J* {(Hi B 2m + J Bi m ) — (Bi m J — B 2m jQ)} 

+Hj {(-JoB 2m + Hf B lm ) - {-B 2m J + 5 lm if^)} \e^)5 mn 

+ (ijj^\H 1 {(H 10 Bi m — JoB 2m ) — (B lm H 10 — -E^m^o)} 
+J {{-JoB lm - H^Bl m ) - (-B 2m H 10 - BimJ^)} 
—J* {(H 10 B 2m + J Bi m ) — (B lm J — B 2m H~f- )} 
+Hi {{—J()B 2m + H± B lm ) — (—B 2m J + Bi m Hf )} \e^)e mn 
{(H W B U + J B* 2i ) - (H 2l H ltl - B 2j J*)} \e^)8 i3 - 

+(■01-^ {(— J$B 2m + Hf B lm ) — {—B 2m J + B lm tt[ )} 

—J* {(H w B 2m + J B lm ) — (-B* m J + B 2m Hf )} \e^)5 mn 

+(iP\H? {(-B* 20 B 2i - « - (B* 2i B 20 - BlB w )} | c M)tf y 

+ (^ 12 l*|#i {(^ 10 S U + JoSJJ - (Bx^xo - B 2l J*)} \e^)e l3 

+ (^ [12] \J {(-J* B 2m + Hf B lm ) - (-B* 2m J + B lrn Hl)} 

—J* {(H 10 B 2m + J B lm ) — (-B* m J + B 2m H^ )j |e'"')e m „ 

+<^ 12 l*|£r {(-SiB» - « - (i^ 2 o - SSB 10 )} |cW>cy 

+ (^1^2 {(#io£m - J 5 2 *n) - (B ln H w - B 2n J*)} 
+S {(-JqB 1ti - Hf B 2n ) - (-B 2n H 10 - BiuJq)} 
+S* {(Hi B 2n + JoBin) — (Bi n J + B 2n H^ )} 
-H T 2 {(-J* B 2n + H? B ln ) - (-B* 2n J + B ln H?)} \e^)5 l3 5 mn 

+ (^\H 2 {(H 10 B 2j + J B* 2j ) - {B 23 H X - B 2j J*)} 
+S {(-JqB 2j + H w B 2j ) - (B 2j H w + B 2j J^)} 
+S* {(H 10 B 2j — JoB^) — (BxjJq + B 2j H w )} 
~H 2 {(—JqB 2j — HwB^j) — (B 2j J — B^jH 10 )} \e^)SijS mn 

+h.c] , (56) 



20 



where m, n — 1, 2 and i, j = 3, 4, and we define B\ m as Hi^m) + ^i(2m+i), -B 2m as 
^2m + iJ 2m +i, B u as i7 X (2i) + iHi(2i+\) and I?2; as Sjji + iS^i+x- 
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